unii 2

@AESHAZIISND 8D

Tumsu3sudisrismasshiiesduiaihllussnammniiwesdmiumsuan
wsmasdulsduuuusaiiiasuasmauanuasnasiutsguuuulidaiiias luiidldi3auiEes
Foyaiifmdasiumadanundu dail

1. 38msasaaiendy 5 35

2. shulsduuuudaiiinsuaziulsguuuulidaiilas

3. manTuazanuulsinurssiulsguuuudaiiiaawasdudsguuunl

ERIEY

4. Fmsasnaulsgu

5. Warffumsuanuasiasiuisguuuudaiiouasilaidumsuanuasasdutlsgy

wuvlidailaswasmsahediulsguuaiudazmuanuas

6. 38msuszanmen 235 de

6.1 msUszanadmuuusnmzgage (Maximum Likelihood
Estimation)
6.2 3masmeniasiige (Method of Least Square)

1. 38msashedanda 533
Tuiiidnunismsaedonduiififanduiu 5 35 do
1. 38danaemasaas (Midsquare Method)
2. Faananawwaga (Midproduct Technique)
3. a3dquasii ( Constant Multiplier Technique)
4. 55 Additive Congruential (Additive Congruential

Method)
5. 58 Linear Congruential (Linear Congruential Method)

1. 33ananansirasaas (Midsquare Method)

Tas Von-Neuman & Metropolis S3iandasaandudu (Seed) wan
Midssesuazideahumuazduhesanassnumanh iy disefiagasinanas
il fudergulasmidesiuiiueemaiion nuuildeiiiaduiFes aulddien

guanuUNGBIMs



e 1w X0 dludisaGueu iy 3579

x2 = (3579)? = 12809241 = X, = 8092
R, = 0.8092

X2 = (8092)% = 65480464 = X, = 4804
R, = 0.4804

2. 35annanaasnann (Midproduct Technique)
BmstiasanAsaananmasaas uaseasueud 2 61 de X, Wuaie
Suaudusn X, Wudmeusuduaiisas T X!, X, Wuwsewe d van i X,
o Y o w [ < o & a <
waz X, qanuuanhaeuasnanene d wanudly X, difluesganafioniaz

nanendly R, th X, aaiu X, usahaasaasinas d vanaidlu X, udradn R,

aaluvnuiuillGes pulddieegumuduuidens

et X, =3979 X, =9753
U, = x; X, =(3579)(9753) = 34905987 = x, = 9059

R, = 0.9059
U, = X, X, = (9753)(9059) = 88352427 = x,= 3524
R, = 0.3524

3. 38dhgamsii (Constant Multiplier Technique)

A5egauasi snnisiinaanagn Tagdsnsiliaaei 1 dade K thangas
fu deadndu (X,) 3 X, e d wén wdnhedeaesinanene d nanunidy
X, wdnhina$a R, antiuih K Ay X, Fafiowne d wan udnhendiazass

nanune d waninllu X, usdrhainadi R, wasiuuiiluGes 9 auldaweagues

Snnuiidasms
aete K =1357 ,x,= 3579
V.,=kx,
V,=(1357)(3579) = 04856703 = X, = 8567
R, = 0.8567
V,=kx,

V, = (1357)(8567) = 11625419 = x,= 6254



r,= 0.6254

4,55 Additive Congruential (Additive Congruential
Method)

led‘yc LY o I~ o o @ 1 dy v

sHnuasazudn X1, Xo,..., X, mudeu ihaauuailangss
Xn+1, Xns2,-. Mnuhdaziamninasi Ry, Ro,.... dald Taagasmsasragad
msvn Modulo m @sazilvernladueaaunieniiaanin M FmMsauuemey

gosnaluil

Xi = (Xi.1 + Xj.n) mod m
Rin = X
m

gatn X, =65, x,=24,X, =39, x,=88, x, =75,
n=5,m=100

X, = (Xi—l + Xi—n) mod m

X, = (X, + x,) mod 100
=140 mod 100 =40

R, .= R = 40100 =0.40

(75 + 65) mod 100

X, = (x, +x,) mod 100 (40 + 24) mod 100
=64 mod 100 = 64

R,.= R, =0.64

5.5% Linear Congruential (Linear Congruential
Method)

Fiilawann T Lenmer Tuil a.¢.1951 wasi@asniealanulutaqiv 3518

gAINMIMUINNAIL
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X., =(ax,+c)mod m 1=0,1,2,...

Xiy Xy Xggeeeney Xiy Xpp Hwardunudaagszwin 0 dum -1
e

X, HusanEudu

a lumesiiitldlumsao

C lueiliaiu

m {luér Modulus

aanuazlamIau g

X
Ri+1 - i+l

m
ganehe @ = 65539 ¢ =435 m =10000 uwsz x,= 3579

X, =(ax,+c)modm

X, = (65539*3579 + 435) mod 10000
X, = 234564516 mod 10000 = 4516
R, =4516/10000 = 0.4516

x,= (65539*4516 + 435) mod 10000
x, = 4559
R, = 4559/10000 = 0.4559

Toadanduiiladasfianantid 2 da Gil

1. fienuamhiua (Uniformity) wesaudamanagaumsuanuas
(Distribution Test) aalasuas (Chi-Square Test) wisuisumsuanuas
spsdaniikdaufumawanuainewe U(0,1)

2. fimnudludaszaenu (Independence) nasaudsmsnagausu (RUn
Test)

2. é’huﬂ'stjuu,uwimﬁmLtazﬁattﬂszjmttuulﬁﬁiatﬂaq



sudsgu(Random Variable)
audsguduunle 2 Uszan de
2.1 duilsduuuudaiilas (Continuous Random Variable)
2.2 suisduuuulaidaiiias (Discrete Random Variable)

2.1 shulsguuuudaiiias (Continuous Random Variable)
PNy
dudsquuuudadias (Continuous Random Variable)
Tdudsdy X ududsgunliomasivinnuaiiiiululduasdus

v
v

Uy ehzasimudsgulssianiiazimvuadiugae g wu

X = {x|0<x< 10}

=)

£y
shudsdu X dudulsguuuudaiiiasiifienagluz (a,0) Tes a < b f(X)
sanhilsnguenmhazdu & F(X) daamauiaas

1Lf(x) >0
2. _Tf(x)dx:l

3. & C uaz d fluelui (@,b) waz c < d
d

Plc<X<d)=[f(xadx

c

WeNy

feudsdu X dududsduuuudaiiinaifieaglugi (a,b)
F(X) azBanhisdgumsuanuasazan 1 F(X) mwualioed
X

F(X) = P(X<X) = [ f(x)dx

a

AaNUA2INIATUM TN

LO<F(XX) <1
2. X, <X, un F(X,) < F(X,)
— dF(x)
3. f(x) e
4 P@a<X<h
Pa<X<b



P(a< X<bh) =F(b) - F@)
P(a<X<h)
5. P(X=a)=0

6. WendumsuanuasazantuefFuNumeanagiaden

F(x)

v

X

2.2 shulsguuuulaicaiias (Discrete Random Variable)
y

i}

=)

shudsduuuulidaiilas (Discrete Random Variable)
Tdudsdu X Wududsdu deniidiululdans X f5unuhida

(Finite)
fudnnuldden X 5 dudsduludaiiles (Discrete Random

Variable) namde dwlsgn X = {X/X=x,%,,%,.. }

Henu
aaudsgu X udrudsguuuulidadiaanisntuiunuiulauazdiandu

X, Xy, Xy,... Waigu P Gonh dedduenathaziiuees X
& p(x ) el
p(x) =P(X=x);1=12.3,..
Towit p(x,) dosfiamantd Gl
1.0< p(x) <1
2. Z p(x,) =1
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feny 1 X udmuwdsguwuuladdadiias defdu F(X) Sanhlafdumsuanuas
szanues X a1 F(X) dwualioai
F(X) = P(X<X) = > p(x) 0 x <x

X; <X

AaanUAraseAtuMIUINUAIAZEN

1.0< F(x) <1

2. % x < x, udr F(x)<F(x)

3. 8 x < x,<..<x,<x us P(X=x)=F(x) - F(x_)

4. P(c< X < d)=F(d)-F(c)
P(c <X< d)=F(d)-F(c)+P(X=c)
P(c<x<d) = F(d)-F(c)+P(X=c)-P(X=d)
P(c<x<d) = F(d)-F(c)-P(X=d)

5. Wargumsuanuasasandlursadunaumeznuuuduiule

F(x)

A

»
>

X

3. ammewlwazanauwlsusu (Expected Value and Variance)

feny 1w X dluduisgu E(X) Ganth seneniawes X &

EX)=3Sx0=u X dudulsguuuubidaias
b
E(X) = [xf (x)dx X Wudulsguuvudatilag

g a<x<b
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ey T8 X dlududsgn E(X) = p dlusemaniawss X inidan V(X)=o2
N
anuulsuTiuzas X o
V(X) = E(X?)-[E(X)]*
E(X?) =

> x2f(x)

E(X?) = ixzf(x)dx

X Wuduisguuuulaisaiio

< o 1 ' -
X Wududsguuuudaiiias

fim a<Xx<b
S(X) = W(x)

S(X) Wuduiiissuumnasguzas X

ac Y J QJ ]
4. ’Jﬁﬂ’]ﬁﬂﬁ’]\‘iﬂ'lﬁl’)l,l,ﬂ'iﬁj‘&l

Tumsdnwiild 2 FBresmsasiemdmudsgumumsuanuasidaamsnagay fe

1. 38mswlasnniu (The Inverse Transform Method) Taswsums

semmudsguzasmsuanuasuuudagluudsa(Exponential Distribution)

mswanuasuuuwzas(Poisson Distribution) LAZMSUANUINLUUN I
(Binomial Distribution)

2. msujwes (The Rejection Method) 1#ausuasheandaudsga
ypamsuanuasuuudn@(Normal Distribution)

1. 38msudasuneu (The Inverse Transform Method)

Filsznilasmnndmnugluuuisidumsuanuasszan(Cumulative
Distribution Function) wessudsguuuuaniwsdzumsuanuasazaniianuhnu

dguiimsuanuaswuvaiaxs (0,1) tuda Weddumsuanuasazanaasinisuan
waswvusiane (0,1) wunu

nguf) Weddumswanuasszan(Cumulative Distribution Function)
apsdusgu X da F(X) asfimswanuasuvuashiawe (0,1)

dia F(X) fimsuanuasuuusminewa wsz R (Random Number) Agins
wanuauUENLENe Saansaldsmaulasndumenaindsgu laeail

F(X) =R
X =F'(R)



2. 3smsufes (The Rejection Method)

FBmslumsaemeudsgunivldduenamnuiy g(X)aansaldlums

anniladau f(X) Taamsase Y andeddu g vasantuaseaanuihaziuae

dadiu Mimalﬁc Fuenaad
a(y)

RACIRe SmSunnanzes Y
9(y)

v
=

v v " 1 pap. L ] Y ac a [
ﬂﬁLLNuﬂ’]Wﬂ’liﬂiﬁﬁﬂ’l@nLL‘IJ‘SZ‘!N X nRWeATUBILLY f Gl’JEl’Jﬁﬂ’liﬂgLﬂﬁ MU

Generatey ~g | Generate a random » IsUu< f(y) Yes set Xx=y
number U cg(y)
no

y

v
v

AUNDUNTINNU (9T

ee 22D

queaun 1 a5 Y fdenuvinuiu g
ueaudl 2 anauazdn U
auaauii 3 M U< O 1 X =y dldldnauluiauasui 1

cg(y)

5. 171\1ﬁ'ﬁ'umsmmLm\maw‘i'al,l,ﬂsajul,musimﬁml,l,azmsl,mmlmwaqﬁattﬂsajuttuulsi

satiiasuazmsaeamulsguuatudaznsuanuay
lums@nwildnmdsmsuanuasasdudsguuuudaiing 2 Uszan fs

1. msuanuaswuusnglumudsa(Exponential Distribution)

2. mswanuwaswuudn@(Normal Distribution)
drumauanuaeasiulsguuuulidailasdnman 2 Ussaneasmsuanuas fie

1. msusnuwsswuungas(Poisson Distribution)

2. mawanuasuuuniwn(Binomial Distribution)



dwsumsaeadmulsdulumsdnmnaildismaulawndu(The Inverse
Transform Method) swsumsuanuasuuudnglumudas MsuanuaIuuWIzas
wazmsuanuaswuumInN SHumsuanuasuuuln@liismsdjas(The Rejection
Method) Tumsaseenaaudsga

mawanuaswuundlWuwudsa(EXponential Distribution)
flarddumnuiuenahandu(Probability density function) aail

f(x) = e & x>0

L
B
0

E(X) = g Var(X) = p

c!l' Y 04 v v v 1 " v 1 cgl
WaldiEmsudasnnculumsasemaiwdsgumendiudsguasil

F(X)=R
x=F*(R)
F(X) = P(X<X)
= Ef(x)dx:l'%eﬂdx
Fx)=1-e
F(X) =R
1-e# =R
e’ =R
Xx=-8*In(R)

wasfituaaumarnu (Algorithm) il

dusaudl 1 aadiondu U
dupeun 2 X =-8 *In (R)
duseudl 3 Return
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mswanuaswuuidnd (Normal Distribution)
dhudsdu X fimsuwanuasuuuind fiduads (Mean) ohdu u uazanu
wlsusru (Variance) whiu o? Teadidafdumnuinenaiazdiu(Probability
density function) il
1 oteupleo?

f(X):ﬁ- , o< X < o
E(X)=x Var(X) = ¢?

susumauanunsuuulndlumsinmnilliismsuies(The Rejection
Method)lumsaseenduilsga dail

ms&ﬁn@hé’l’mﬂsajuﬁﬁnﬁmnl,lmuuuﬂna (Generating a Normal

Random Variable)
msasnaudsgunfimsuanuasuuudnisnasyu Z~N(0,1) uu famduysaluas

Z filaddumunuiuenanihazdlu (Probability density function)

f(x)= —2_e 2 ;. 0< X< oo
27

Ner

Walv g Aa Weddumnwimhastivwuusndludsaiiaadsuhnu 1 dude

gx)=e™ ; 0<X<ow
Farlu
T 2/7e 2
9(x)
\ fly) - 2 4 cavy X o 4 o
Mgugares —> el X ld X- — fiegege s X=1
) a(y) 2
AT

— fly) = f@—
c=Max 1 = "W - e
a(y) 9@ 4
2
e ) = expdx-2__1
cg(y) P 2 2}



= exp{- % }

aedusansagsanamulsguhimsuanuasuulndinasyu Normal(0,1) enw

v
3

UMDY A9

v
3

td' L4 Ad'd [ s s 1 d' ) e
YUNBDUN 1 GRR)] y nimsuanuasuuuengldiwudsaianadawnu 1

Qe

upaun 2 asdwaazdu U

dupauit 3 §1 U < exp{-(y‘l)%} Wi x=y dlildnauluiiduaeudi 1

=4

o & v o ] pa P S ] [
GNuuLS’]ﬂTNGl’JLL‘iJi’é!N X PR AZUALUUANENNS

f(x)= 2 e ; 0<X< o
2r

Ner

fifimsuanuaswuuUnimnassu dafuagld Z~N(0,1) Tagli Z = X wsa —X
& 479 ) ¥ —1? d ooy
wazluzupaudi 3 awas X=y m U < exp{-(y )4} gafieihnu log U

Y

2 o o v
> (y _1)4 ﬁﬁﬁ}uﬂﬂlﬁﬂlﬁﬂL‘ZlElu‘Zluﬂauﬂjﬁﬁjﬁjuiﬂﬂlﬂﬂﬁu

auaaun 1 ahedudsguniimsuwanuasuuudndlummdaaniiamasnniu 1y, Yo
2 in ~1) v AN R R o
Auaaun 2 Y, > (y 1)4 , W X =y elaildnaulungueaun 1

K 2 1] 4
ozailld X= Y1 wazndh Yo > (y—l)g Fananaguhlany Masunda

WY, dimsuwanuaswuudndlliwwdaaniismasvhiu 1 uazlvienannnienle q

]
1 =

1 2 1
uUn Yo 1nnin (y 1)4 Aaziimsuanuasuuudndlwudsanieamaswhnu 1

uude iarnshuluauesui 2 Tdiiasudinazle X (eduysalvasmsuanuasuuilng

WIATFIU) UAIN

2
Yo- (y _1)4 iansaaemmulsduuuudndlliumdeaniamaaunu 1 1

asulagaglauaaumsaeanaiulsifimauwanuasuuudndluu@saniemas
whiu 1 wasmsaheamaiudsguniimsuanuasuuudn@nesgiv aeil

ugaun 1 @ Y fimsuanuwasuuudndluudsandanadasnhnu 1

quaaun 2§59 Yo Hilimsuanuasuuudnsliuudsaniiemdanhnu 1

v 1 2 2 LA 1

Auaaun 3 M yz_(y‘l)g >0,14y= yz_(y‘l)g wazlunauaauin 4 slaily
naulunauaauin 1

aunauin 4 asaevdn U wazivua
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z=  LH . U<l
o
o} 2

mswanuasuwuuzas(Poisson Distribution)
flarddumnuiuenahandu(Probability density function) aail

p = P{X=i}=e*Z  ;i=01.

E(X) = Var(X) = 2

wislasmsulasundu (Inverse Transform) Tumsaseedudsgauuy
Wgaanismasunnu A legldaunseadl

pi+1: pi 1 iZO

i+1

v
v

Taafituaaumsynau (Algorithm) aail

auapun 1 afwdesgu U

aupeuii 2 Wi=0,p=e*, F=p

auaaun 3 1 U < F W X =1 uaznge

% o - A — \ _ ;

aupaund  p= Zp,F=F+p,i1=1+1
I+1

auaaud 5 naulunaussuin 3

3 v " @ ] cs'd o 3 — < v
a0 5 Fueaulumsaseamaulsguniimsuanuaswuuiigasu P = P, uem

anuhaziiui X = 1 wsz F = F(1) duanauhasiiui X deanhviauhiu i!

mawanuaswuundwnx(Binomial Distribution)
dladasmsaemdmulsguiiimauanuasuuninaiiinniiwas N,P Tosdi
HefFumnuiuenanhazdlu(Probability density function) il
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: P o
P{X=i}=_" _p'a-p~, i=01,..n
{X=i} TOErTL
dlal#smaudaswndulasmanszine(Loop) e pr=P{X=i} flumanu
ihasfluil X ohdu i wez F = F(i) dudamnhaaiiui X desniwdauhsu i Tos

mahe(LOopP) musumsuazrunaumaian (Algorithm) &l
P{X=i+1}=2" P pex —i
{ } i+11-p { }

auaaui 1 asndaaagy U

fumauii 2 ¢= P, i=0, pr=(1-p)", F=pr
‘Ziumw ) pr=(1-p) p
Aunpuil U <F, WX =1uaznga

auspaun 4 pr=[c(n-D)/(i+1)]pr, F=F +pr,i=1i+1

guaaun 5 asuluniueaun 3

6. 38nsuszanmen

Tumsinmideillfismadszanae 2 35 fia madssnamituusnmzgege
(Maximum Likelihood Estimation) wazmsuszanaemeieismasaacios
figa(Method of Least Square) #luudasisingufuazizmadail

6.1 msuszanaduuuanmzgega(Maximum Likelihood

Estimation)

malszanasnmniieasaeiianznhaztiugege (ihAsildfuuwsvaneann
ﬁqm fuwnenudaumnuaiudaiadamsssi 18 a1da wiasa umd (Karl Friedrich
Gauss, 1777-1855) uazuaiiisa twasysd (Daniel Bernoulli) 161#33msilanudrsaan
Tuduamassui 20 Tatiad ladiuas Huas (Ronald Aylmer Fisher 1890-1962) ¢t
inmsdnnanantauadismat miiglitunhamedy wesdanismsiifiunany
aosiliznd TosenldiauananuiAmmasmsiluil a.a.1912 wiausiimsuiuly
uilwdhuiidendaslimansantudnae inadaauau afidurnlismsiduiiae
uwsuaneEazuT e
fena 1 Xq,...,Xp L?Jué‘f’;ashqEjmwﬂﬂs:mﬂiﬁﬁﬂqﬁ%’umwmimmiu f(X;6), s
Werduamzihazilu(Likelihood Function) wasdnagu fa defduanamunuiusi
L = L(0;X,Xy, ..., Xn)=L(0) vassnachsguiiuiidainiluisdmasmaiinas o

UUA



L(6;X,X5,...,Xn) = H f(x:0)

Heny MEeenNwas 0 Tumaneeamaanauesding gy X, Xy,..., Xn v versu
mmzhazilufidgege Sandh Muszinamuuameihaziiugege (Maximum Likelihood
Estimator-MLE) 2o 0 tudadwas 0 da §=3(Xy,...Xn) ilu MLE 229 ¢ fdaiila
L(6)=L(6(X,,...,.Xn)) fiengega

ao (X ] <
Asmammdszainauuaizinazilugas

u 9
!

Hhdsmememasnniies 0 inliiadiu L(0) gega lumsilitemsdune
Fadtaluil
1. iihwanalumsm MLE wasg @ s msmen 6 e ézé(Xl,...,Xn) vl
L(G; X, Xn) = L(6;X,X,...,Xn)
il 6 € Q waz X=Xy, Xn=X,
2. dhilunmsihaniiy L(9) duilsdiusimayiusld(Differentiable function) ila
disudy 0 analdaywusim MLE vo 0 1¢ dlatsuduas F(X; 0) Lituadiu 6 uas 0
aflugrinnuashmililunsdidanan ¢ A Minzasanms
oL _
=
Jewlowauiies (Sufficient Condition) 7 @ vl L(d) > L(0),0 cQ o
o°L
00?
de 0=0

3. msldayiusn MLE luwsansdlld In L azazannndhiiazly L

<0

AITILNON
olnL 1
00 L

wae L >0
olnL

00

v
£

oL
el

00
o

0

» OL v & g A4
Lﬁ’]"\]ﬂﬂ 8_9:0 NUYU UBDNATINUU LN

0%InL . a4y 0L v
— <0 fazihld — <0 ¢
0 00
figny sumanldm MLE da == =0 v3a =0 95anN aumIinmeziaziiu

00
(Likelihood equation)
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mMymmlszanammnnimasyasnmsuanuasuuuniuny (Binomial
Distribution)
W X;~ Bernulli yiai =1,...,n

L(p; X) = p*@-p)™.pe@-p)™..p"@-p)™

L(p; x,) = p"@-p)" "
INL = X,Inp+(n-> X,).In(L- p)
8InLZZXi+n—ZXi(_l):O
op p 1-p
zxi_n_zxi_o
P 1-p
X, n->X,
P 1-p
zxi_pzxi:np_pzxi
X 2X

n
At UszINAUMINNGDS P 209N5UANUALUUNIUIN AD X

P

MIMMUITLIN AN NLABYBINTUINUIILUUNITBY (POISSOH

Distribution)
W X; ~ Poisson dia 1 = 1,...,n
Toe X; fivlsdfunsuanuas ¢aii

- 94X
f(xi,ﬂ,):e f’ ;x=012,...,
X

L = f(x,A).f(%,,A).F (x5, A)... T (X, 2)
_et A etae et AN
-_ X X...X

X! X,! X,!

_ efnﬂ../fizxi
B IIx!
INL = -n2+> x Ina+In]]x!

oL _ _n+&:0
oA A

24 _
P

n
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L

n
MAUUMUTZINUAMWNINRODS 12BN SLANUAWVUNIZDY A X

mMsmmlszanammnnimasrasnsuanuasnvudndldusngdsa (EXponential

Distribution)
T Xi ~ Exponential s i = 1,...,n

Tog X flandumsuanas aadl
1 -
f(xi,ﬂ):E.e Fix. >0,

L = f(x,pB).f(X,8).f (X, B)...T(x,, )

X3 X

:i eiﬁ xi.eiﬁ X 1 e7 x...x—.eiﬁ
B B B
1
= 1 .e?in
ﬂn

InL = —nIn,B—%Zxi

8InL:_£+z;<i 0
op BB
inzg

B* B
in:ﬂ_z

n B
ToXX
n

v & o ' a 4 I = = K,
MUUMNUSTINUMWNINULO DS ﬂ ?IENﬂ’liLLQﬂLLRNLL‘IJ‘ULaﬂ‘ZﬂﬂLuuL‘ZiEIa Pa X

msmmilszanaavnniwasuasmsuanuasuuudnd (Normal

Distribution)
1 X; ~ Normal(u,0?%) e i=1,..,n
Tog X, fdsdfumsuanuas oail

1 e—(X—y)z/Zo'z

f(X) = ﬁ-

~o0< X< o



27102

L(,U,GZ;Xl,XZ,...,Xn) :(

In L(,u,O'Z) :—gln 27r—g|n o Zi-'z Z(Xi —,u)

v 2 n
o c ia

Lo

8|nL(,u,0'2):_ n 1 Z”:(

oo’ 20° 20' 43

azla ,u:%Zn:Xi =X wsr o’ :%Zn:(xi—,u)

wuies MLE 289 4 @a ﬂ:EZXi =X
Nz

n 2
waz MLE 289 6?da &2 :EZ(Xi —p) = S?

i=1

lunil @ Fuegnu p asdesdszana u Aavdavzdszina o’ 1o lunsdiwuiiinGan
g N WNAADIIUNIY (Nuisance parameter)

6.2 msuszsnammnniiwaimeisiasaaniasiign (Method of

Least Square)
wnanuAauazdimsmeaszinauuuiaiassdasige 3BHdvIsmssany

fnngrumnnanguimsiszanandasu(Theory of Linear estimation) Tagl
Sdudamnugtmsuanuasenuhasiuudandunasiaszinmaunauazamaning
hudday S3msiiaatulasenda wiase wmd (Karl Friedrich Gauss, 1777-
1855) uazduas swaseds anslavl (Andrei Andreevich Markov, 1856-
1922)

figna 9 Xy, ..., X Wudatheguanndszmnsniisnidienananana E(X) awas
windwaslumanzasadunanilvnauinsashasnaasw e szniNamananua
mananamgaazi3ant alszanauuuiassaniaafige (Least Squares
estimator) waswnniiwasninegiss
Y o w v A a ¢ & N
UuRs srlszanawuumasdaninaigazasnniiess 0 (allunawas)n

Unngaglusmanang E(X) laun dwae 0 Tumswwssedunaiivilsd

n 1

Q=Y (x —E(x))? dilge

i=1



unmmdssanmuanan leamslgayiusnande 1o

Qg
00
wazisanaumsiin swmsund (Normal equation(s))

Qmauﬂ'ﬁwms'i'aﬂ'szmml,muﬁwﬁ'@ﬂmﬁaﬂﬁqm

mlszanauuuinasassipengalinuaniansayranalssms laawmmzlue
wuudady dealuil
1. dla Y=X0+e @i E()=0 dussnauvuiigasiasiigaues 0 u
dmszanalaioudes
fignd i G=(XX)'X'Y = (XX) X' (X +¢€)
= 0+ (XX)'X'e
daiu E(4)=0 iilesn E(e)=0
2. i Y =X0+¢E(€) =0V(e)=c’l Wa3IndaasaNNLlTUTIULEZANN
u,ﬂiﬂ'iaus'amlaqé’aﬂszmmuwﬁwé’qaaqﬁaﬂﬁqmEN 0 @a (XX)'o?
figni V(0)=El(@-0)@-0)1
= E[((XX)TX'e)(eX (XX)™)]
= (XX) X (02X (X X)™
3. lushuuududu Y = X0+ @l E(e) =0, E(ee) = o
é’aﬂs:mmwuﬁﬁqaaqﬁaﬂﬁqm g was 6 Wluduszanadiianuulsusiu
shaaluussndnlszanadibitoudewas 6
aouant@t fo noufzaumduazanslav

nauiundi 1 (imduazanslan) wla
Yy=Xo+te , E(e):O : E(g e_')20'2| ) E(!): Xo

é’aﬂﬁzmmuuuﬁﬁqaaﬁaﬂﬁqm g=(XX)1X'y Hususzanadidufaidus
dulitoudeuasiiigaues 0

figni W 67 = [(XX) X'+ A]Y dWuiladfudadunes Y fldszann 0 as
wwesng A il §° Jusszanaliewdewss 0 Aifldudsznauudazdiony
LLﬂiﬂsauG‘iwﬁqmluuﬁiméﬁﬂs:mmlﬁmmﬁmwmdmﬂszﬂawm 0

an E(47) = 0 atla

0 = [(xXyx'+AE(Y) = [(xx)*x" +A] X6 = 6 + AX¢

faiu AX9 = 0 wia AX=0



V(6" )=E[(6 - 0)@ -0)]
= E[((xX) X"+ A)Y —0][(( XX)* X'+ A)Y - 0]

=E[(XX) ™ X'ee’X (XX) " +Aece'A +( X X)X 'ee’ A +AeeX (XX)™]
=[(xX)™ + AAo?
T AA =B=(b,) weinduantmuaui(Positive definite matrix) s b, >0
noen 1=1,...,p
daamsm B ifimngnuudunueasyamdniisniasiige damli V(§7) fiangnuudu
yugauuaniga Lila bii:Zn:a2 =0 yaen i =1,...,p

j=1 ij

1 ] n
wiila A = (a;) acld b,=> a% =
Ei

iy a; =0 yen lwaz ] , 1=1,2,...,p;]=1,2,...,n

wudn A =0 waz §° = (XX)*XY =4 @udludszanawuumasansdganas 0

4. dlszanaldtpudeuaziionuulsunuigarasliiudadule qremnniiwes
6,,....0, Ad WefdudeniueeasmlssnauuuiasasniseNgaes 6,,....0,
ngufiun luduvudadu Y = X0+e " E(e) =0

E(ce')=0c?1 , E(Y)=X0 Tt funawasaune p X 1 fiidudsznauncien

Uszanangadulaitaudss wazienuwlsusniudiigazas g a §=(X X)Xy

dignd W TY dudsidudaduees Y fldszanm 4 azm T ald TY Judn

Uszanaaitaudasuasiinnuulsunuamngosas t'd

an E(TY) =vd asld TXo=vd duiu TX=t
V(Ty) =E[(Ty-te)(Ty -toy]
Ty-t9=T(Xo+e)-to=TXo+Te-r9=Te
ala
V(T!):E[Tg e_"l"]:-l_T'O'2
TT/ = [TX(XX)EXCTTX (XX) EXT 4+ [T =TX (XX EXIT = TX (X X)X T
= [rXX) T XEXX) X T +[T =t (X X)X T - t(XX) X T
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P L < a I} 2 ' = a v

andisvasaumsiiilunavinuaaneinglugd AA udazmaniiangnuudunueayy

[ 1a [ v & A a A
vanlafieay wwzmanvasvnuuidunsdmes T
oatiu T T’ HaanZnuudunuenyuvianipenga ladmnanuuaunueyumanzaemay
nouilu 0 vue Fazdluduiulowes T = t'(XX) X’
aany mdszanaldtpudeaaziinnuulsuniudgass t'0 laud Ty =
C(XX)*XY =t'g

msdszanaenaudsusiulumuuuidadu

nauf luduwuududu Y= X0 +e 7 E(e)=0 E(ee) = 0?1 dmuszanailsiiau
1

n-p

Jhwaedadune p X 1, e dunawssumna N X L usz §=(XX) XY

GENL AT (Y -XO)(Y - X6) e Y Wunawefna N X Luar X

g
Y-X§=(X0+e)
[-X(X%) X" Wluwasadanmnasuazlaanlwmud (Symmetric
idempotent matrix)
AU
(Y - x0)(y -x O =e [I-X(xX)*X]e
E[(Y - X8)'(Y - X1 = o[l - X (XX) "X ]
= o?trl —tr(X (X X) ™ X"]
= ¢?[n-trIp] = (N-P)o?

fratiy (Y = X0)'(Y - X0) Hudivszanalsitaudaszas o>

milszanauuunmzniazdugega (Maximum Likelihood Estimation)

was

Fehassaniasiign (Method of Least Square) wasusazmsuanuaeiily

v

o v = v
#IBIUNIANTY OU

NIFLLANLLAN MNNNLADS MUszanaun

MIUANUANLUUIITDN y) =X
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(Poisson Distribution)

MIUANUAILUUNINN p = X
(Binomial Distribution)

MauanuaLuuBns g s B B=X
(Exponential Distribution)

MIUANUANUUVUUNG U uaz o’ 4=X,8% =52

(Normal Distribution)






